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The first attempt to treat the problem as one of electromagnetic wave theory was made in 1909 by Debye, 7 who used the Hertzian vector method. He showed that the vector field could be evaluated from one rectangular component of the Hertzian vector and so reduced the problem to a scalar diffraction calculation. He also showed that the field along the axis could be evaluated in terms of Fresnel's integrals.
All these investigators treated the problem from the standpoint of the optics of visible light, at a time when the intensity distribution was of main interest. In microwave optics, intensity, phase and polarization are all of interest and can all be measured because coherent monochromatic sources are available. The longer wavelength compared with that of visible light makes it comparatively easy to measure the fine structure of the diffraction pattern. It is therefore possible to study experimentally in considerable detail the field distribution near a focal point in an electromagnetic field, and to compare the results with the theory. This has been the objective in the work to be described.
SUMMARY
The field distribution near the focus of a microwave lens is studied both theoretically and experimentally.
The relation between vector-field diffraction theory and scalarfield diffraction theory is discussed for this particular problem, and it is shown that in the case in question the principal component of the electric field vector can be evaluated with sufficient accuracy from the scalar theory.
Measurements of the transverse component of the electric field have been made by a perturbation method using a spinning dipole. The experimental results are in good agreement with the theory.
The often-discussed phase-shift of 180° in the passage of a wave through the focal plane is considered in some detail and the related change in wavelength near the focus is verified experimentally. 
LIST OF PRINCIPAL SYMBOLS

A = Wavelength.
[x = Permeability of the medium.
(1) INTRODUCTION The determination of the field distribution near the focus of an incomnig spherical wave has been of interest for many years and has received extensive theoretical study.
In 1834 Airy 1 derived an expression for the intensity in the focal plane produced by a converging spherical wave limited in extent by a circular aperture. At that time the electromagnetic theory of light had not been formulated and Airy used the scalar wave theory in his calculations.
Lommel, 2 in 1886, gave a more general solution which made it possible to calculate the field at points near the focus, but not necessarily in the focal plane.
The occurrence of a phase shift of 180° on the passage of the wave through the focal plane was pointed out by Gouy 3 in 1890, and he showed that this was associated with an increase Correspondence on Monographs is invited for consideration with a view to publication.
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(2) THEORY OF FOCUSING The theory of the field distribution will first be considered. It will be necessary to allow for a tapered aperture distribution, and consideration must be given to the vector character of the field. It has been thought preferable to avoid introducing the Hertzian vector, and it has been verified directly in Section 2.3 that the scalar theory can be used to calculate the principal component of the electric field vector with sufficient accuracy for the purpose in view.
(2.1) Fundamental Diffraction Theory The diffraction theory of physical optics has developed from Huygens's principle. Fresnel first formulated the principle mathematically, but it was left to Helmholtz to derive a rigorous diffraction formula taking the scalar wave equation as a startingpoint. Helmholtz considered monochromatic waves only; the theory for arbitrary time-dependence was developed later by Kirchhoff. A completely analogous procedure for the vector wave equation derived from Maxwell's equations of the electromagnetic field has been worked out by Stratton and Chu. 8 It is unnecessary to consider arbitrary time-dependence here, but the vector nature of the field must be borne in mind. However, the scalar wave theory will be considered first and its application to a vector-field problem deferred for treatment later.
Let ^ be a scalar wave function which at any point in space satisfies the scalar wave equation
0)
Consider a volume V within an isotropic homogeneous medium bounded by a closed surface S (see Fig. 1 ). If <j> is continuous and has continuous first derivatives within V and on S, it follows from Green's theorem that the value of <f> at an interior point x', y', z' can be expressed as an integral involving <j> and its where r is the distance from a variable point on S to the fixed interior point x', y', z', and n is the distance measured along the outward normal to the surface S. This is the formula obtained by Helmholtz for the case of sinusoidal time variation. A time factor EJ at is assumed in eqns. (1) and (2) . Now assume that the surface S is an opaque screen separating a source from the observer. The observer is assumed to be inside the volume V, but this does not restrict his position since the surface S may be assumed to be closed by a surface of infinite extent. If an aperture Si is made in the screen the field will penetrate into the region occupied by the observer. To determine the intensity and distribution of the field inside V the values of <f> and of 'dcfcl'dn must be known over the aperture and over the observer's side of the screen. Usually these values are not known, but in order to obtain an approximate solution it may be assumed that (a) On the surface of the screen <j> = 0, <x/>/t)n = 0. (6) Over the surface S u the values of cf> and 'dcfr/'dn are those which would exist if no screen were present.
When these approximations are made the diffracted field may be calculated.
This procedure gives results which are in reasonable agreement with experiment, provided that the aperture is large compared with the wavelength. For a small aperture the discontinuity at the edge of the aperture modifies the diffracted field profoundly. As the area of the aperture increases, the relative importance of the contribution from the edge often decreases, and for sufficiently large apertures it may be negligible. Although results based on the assumptions are usually satisfactory, they are strictly inconsistent with assumption (a), for, by a theorem in the theory of functions, if <j> and d</>/d/z are zero over any finite part of S they are zero at all points in the space enclosed by S. Moreover, the two assumptions are mutually inconsistent for the same reason. Very illuminating discussions of this difficulty have been given by Sommerfeld 9 and Schelkunoff. is bounded by a surface S which is conveniently subdivided in the following way. S\ is a plane surface in the aperture of the infinite plane screen, and £2 is the opaque portion of this screen. S 3 is the surface of a hemisphere of infinite radius with its centre in the aperture.
The incident wave is taken to be a converging spherical wave which in the aperture plane has the form If kR > 1 and &/• > 1, which is certainly true in the experimental work described later,
This is essentially Fresnel's diffraction formula adapted to the particular problem. It has been assumed in the derivation of eqn. (6) that the incident wave is isotropic. If this is not so, eqn. (6) can be modified by a factor A(S) in the integrand, which can be chosen to take into account any distribution of amplitude over the aperture. The modified formula is therefore
In the experiments described later, a rectangular aperture was used, and it will be convenient to express eqn. (7) in terms of a Cartesian co-ordinate system.
Referring to Fig. 3 , consider a rectangular aperture defined by \rj\ < rj 0 , |£| < £ 0 m a plane screen. Let Q be a point in the aperture plane, having rectangular co-ordinates -q, £, -£ 0 in a co-ordinate system whose origin is at the focal point O, and let P be the point of observation, with co-ordinates x, y, z in the same co-ordinate system. The distance PQ is given by
If attention is confined to a region near O, small in comparison with the aperture dimensions, the following approximation holds good:
where
Expanding binomially and again neglecting higher powers of (xrj + yi; -z£ 0 ), we have
The maximum value of z£ 0 is much greater than the maximum value of xrj + yg in the region of interest around the focal point, so that, whilst \/R can be replaced by l/£ 0 in the evaluation of (xrj + yfl)IR, the more accurate equation, eqn. (9), must be used in evaluating z'QlR. When this is done, z . . (10) Eqn. (10) will be used in the phase factor eMR-r) m evaluating eqn. (7) . However, the amplitude factor in eqn. (7) does not need such careful treatment, and it is permissible to replace Rr by £ § and to put both cos a and cos j8 equal to unity. When these substitutions are made in eqn. (7), the following result is obtained: Before the integration of eqn. (11) is developed its relevance to the microwave experiments will be shown by demonstrating that it gives a good approximation to the principal component E x of the electric field vector, provided that the distance of the point of observation from the axis in the x-direction is small in comparison with the axial distance £ 0 between the lens and the focal point, and provided that the aperture distribution is symmetrical.
It may be shown 8 that if a volume V enclosed by a surface S contains no charge or current within its interior or on its bounding surface, the field at an interior point (x, y, z) is given in terms of the field vectors E and H on its boundary surface by
. . . (12) -(n.H)Vijj]dS . . . (13) where i/r = E~J' kr /r, and « is a unit vector in the direction of the outward normal.
In these expressions the values of E and H cannot be specified independently, but must be chosen to satisfy Maxwell's equations. Moreover, they hold only if the vectors E and H are continuous and have continuous first derivatives over S (cf. the similar conditions on <f> in the scalar case). For diffraction at an aperture bounded by a conducting screen, it is necessary to assume a distribution of line charges and currents along the boundary to satisfy the field equations on passing across the boundary.
One method of finding a boundary distribution which satisfies the field equations has been proposed by Kottler, 8 who showed that the field at the interior point (x, y, z) is given by
where dl is directed along the boundary contour.
In these expressions the values of E and H are those in the aperture. It is assumed that everywhere else on the surface E and H are both zero.
It may be shown that eqn. (14) For this to give E x (x, y, z) identical with the scalar distribution it is necessary to show that the contributions of the two line integrals are negligible.
In the second line integral, i X dl is perpendicular to i, so that this integral contributes nothing to the x-component of E.
In the first, we note that Further analysis shows that the ratio of axial to transverse electric field strengths is of the order x\r, and so the field may be assumed to be wholly transverse to an accuracy consistent with the other approximations made and the accuracy of measurement. 
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]-^, . which will be recognized as the radiation pattern of a uniformly illuminated equiphase aperture distribution. Expressed in this form, the pattern is independent of the focal distance £ 0 -This familiar radiation pattern can be regarded as a special case of the field distribution in the focal plane of a lens system when the lens is focused at infinity. The problem under discussion is more general because distances greater than the focal distance must be considered in connection with the variation of the field along the axis; this case cannot, of course, arise if the lens is focused at infinity.
Eqn. (24) is plotted against p to show the transverse field pattern in the focal plane, in Fig. 7 .
Consider now the field variation along the axis, with x = y = 0.
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In this case* eqn. (21) can be expressed in terms of the Fresnel integrals C(x) and Six) defined by
C(x) + jS(x) = (26)
Attention will be confined to a square aperture in order to simplify the subsequent formulae, i.e. let £ 0 = ^o-The result for q positive is For q negative, the expression becomes
The factors in square brackets in (27) and (28) have equal moduli but opposite phase angles for given values of \q\.
The variation of phase along the axis can be expressed as the sum of a linear phase change due to the term exp (-jkz), together with an additional phase change due to the bracketed factor. The resultant phase is given by = -kz + arc tan • • (29) where q = kzirj^/Q; the upper sign is to be taken for q positive, the lower sign for q negative. In Fig. 5 the last term in eqn. (29) is plotted as a function of z for a wavelength of 3-2cm. It will be seen that there is a change of 180° due to this term as z varies from -oo to +oo. This is the phase change referred to in Section 1. It will be noticed that the major part of the change of phase occurs relatively slowly, over a distance of about one hundred wavelengths, and that the phase varies linearly with distance for small distances from the focal plane (z = 0).
If an approximation be made in eqn. This increase in axial wavelength near the focus can be interpreted physically in the following way. The field near the focus can be regarded as the sum of an infinite number of plane waves. Each plane wave is associated with a ray through the focus which makes an angle a with the axis such that 0 < a < arc tan G\/2)W£o-T n e a x i a l wavelength associated with a plane wave travelling at an angle a to the axis is A sec a, where A is the wavelength in the direction of propagation of the wave. This point of view is often adopted in explaining the increased axial wavelength A ir in a rectangular waveguide for the H o , mode, which can be regarded as the sum of two plane waves.
The axial wavelengths associated with the infinite set of plane waves range from A to A sec [arc tan (V2)W£o]> or » t 0 a fi fSt approximation, from A to A(l + | ) .
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The resultant axial wavelength must lie somewhere between these limits, and from this point of view eqn. (30) is physically reasonable.
The variation of amplitude with z, obtained from eqn. (28) is plotted in Fig. 6 for the dimension of aperture and focal distance used in the experiment. Taper is of the form (\ -In Fig. 7 the function F(p) is plotted against p for a -\ and, for comparison for a = 0, when F(p) reduces to the distribution sin pip associated with a uniform aperture distribution.
The taper has the effect, well known in aerial design, of broadening the main lobe and diminishing the relative intensity of the side lobes.
The effect of the taper on the axial wavelength can be calculated directly from eqn. (11) by using the small-argument approximation for exp \j(k7)
It will be observed that this expression reduces to eqn. (30), as it should, when a = 0.
(3) EXPERIMENTAL PROCEDURE AND RESULTS The theoretical results obtained in Section 2 refer to rather idealized field patterns. The experimental procedure was designed to produce fields as near to these theoretical patterns as could be achieved with the apparatus available.
The field patterns were measured by means of the spinningdipole technique described by Cullen and Parr. 12 The general arrangement of the apparatus is shown in Fig. 8 . The lens used was a three-step 'egg-box' type with a square aperture 120 X 120 cm. It is two-point corrected for scanning, and was designed to produce a parallel beam. Its focal length is 192 cm. The transmitting horn was situated at a point twice the focal length from one side of the lens, and the field was measured in a region approximately the same distance from the other side of the lens. The position of the transmitting horn was adjusted to give a symmetrical pattern in a plane transverse to the direction of propagation near the focus and to give as good an approximation to a spherical wavefront as possible.
The vertical component of the electric field was measured in the horizontal median plane.
The amplitude distribution across the lens aperture was measured with a simple crystal probe and is shown in Fig. 9 . An average curve drawn through these points gives a taper factor, a, of about 0 • 4. The scatter of these points is due to the egg-box plane. It will be seen that there is close agreement between the experimental and theoretical points. The agreement is surprisingly close when the large fluctuations in amplitude across the aperture are borne in mind.
This insensitiveness of the focal-plane pattern to wide variations in the aperture amplitude distribution is closely related to the more familiar insensitiveness of radiation patterns of aerials to amplitude variation across the radiating aperture.
The field pattern in the region around the focus was measured, and is shown in Fig. 11 , which is drawn in contours of equal intensity and lines of equal phase. The intensity contours are mostly of the form to be expected. Some of the distortion may be due to the rough amplitude distribution across the lens aperture and some to the presence of other reflecting objects near the apparatus. It will be noticed that the deviations from the general form of the theoretical contours are most marked in regions of very low field strength, where unwanted reflections are more serious and accuracy of measurement is less. Detailed agreement cannot be expected, because the theoretical contours are drawn for a uniform aperture illumination. The labour of computation for the tapered illumination is very much greater than for uniform illumination, and only focal-plane and axial distributions have been studied in detail for this case.
The lines of constant phase in Fig. 11 show the change from incoming to outgoing waves on passing the focus. This change is closely associated with the phase change of -n through the focus referred to earlier. Owing to the changing curvature of successive wavefronts, the wavelength along the axis is greater than the free-space wavelength. This axial wavelength has been calculated from eqn. (37) for A = 3 -200 cm and a = 0-4, giving X a = 3-224 cm. This wavelength was measured by observing the distance through which the dipole must be moved to produce a phase change equivalent to 50 wavelengths. The measured value of X a is 3 -23 ± 0-01 cm, which is in satisfactory agreement with the theory. The effect of the taper is very small, the theoretical value of A a for a uniform aperture distribution being 3-228 cm. The so-called 'anomalous phase change' at the focus is, in fact, a smooth change in phase with distance and not a sudden jump of 180°. Near the focus it is apparent only in the changed axial wavelength to which reference has been made.
In the transverse plane there is a sharp change in phase near the minima of intensity. In the focal plane this phase change is 180°. It cannot be measured directly with the apparatus used, but may be shown to occur in the following way.
The dipole is first set at a point A on the axis on one side of the focus as shown in Fig. 12 , and the phase shifter is adjusted to make the galvanometer reading a maximum. The dipole is then moved along the axis to a point B on the other side of the focus. The number of successive maxima of the galvanometer deflection is noted. The dipole is then moved out along a line of constant phase to a point C in the first side-lobe. It is then moved back along a line CPD parallel to the axis through the same number of maxima as before, and is finally brought into the axis along a line of constant phase. It is then found that the final position, E, of the dipole is further from the focus than the first position by one wavelength. Thus, the phase change along the straight line EB is 360° greater than the phase change along the straight line DC. By symmetry, the phase change EO is 180° greater than the phase change DP. But the field at E is in phase with the field at D, since both points lie on an equiphase surface; therefore the field at P is 180° out of phase with the field at O. Hence, the theoretically predicted phase change is verified. (4) CONCLUSIONS The theory of the field distribution near the focal point of a microwave lens has been considered in some detail. Previous work on the problem based on scalar wave-diffraction theory has been extended to allow for a tapered aperture illumination, and the application of this scalar theory to the calculation of the principal component of the electric-field vector in the microwave problem has been justified.
Experimental work has confirmed the theory within the limitation of the available equipment. Particularly satisfactory agreement has been found with the theoretically predicted transverse field pattern in the focal plane, and with the theoretically predicted increase in axial wavelength in the vicinity of the focus. The latter effect is related to the so-called 'anomalous phase change' of 180° on passing through the focus. A phase change of 180° between main lobe and first side-lobe in the focal plane which the theory predicts has also been verified experimentally.
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